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FORMATION OF THE CONCEPT OF ANGLE BY MEANS OF METRIC GEOMETRY ON GEOMETRIC MATERIAL OF 9TH GRADE

ABSTRACT

The work is to study the possibility of using the means of metric geometry for the formation of basic geometric concepts in the study of
geometry in secondary education. The use of metric geometry opens the way for students to get acquainted with the elements of
non-Euclidean geometries on both intuitive and axiomatic levels. In the paper, an alternative definition of the rectilinear
placement of points is given based on the definition of the numerical characteristic of the angle formed by the three points of the
metric space. With the help of numerical characteristics, it is easy to obtain definitions of right and straight angles. The material
presented in this paper can be used in geometry lessons starting from the 9th year and in extracurricular activities with students
studying in classes with in-depth mathematics learning.

Formulation of the problem. The material of this work relates mainly to the teaching of mathematics in classes with in-depth mathematics
learning. The current mathematical education state raises the question of the need to acquaint students with the basic concepts
and facts of non-Euclidean geometries. Doing this directly by referring to the actual material about such geometries is quite
difficult because of the significant level of its formalization. To address this issue, the authors offer to use the means of metric
geometry as the closest to the school course of geometry. It is offered to begin this work with the formation of generalized basic
geometric concepts and objects, such as a point, an angle, and a rectilinear placement of points.

Materials and methods. The results are based on the analysis of existing textbooks in mathematics for classes with in-depth study, textbooks
on geometry and mathematical analysis of higher education institutions, scientific publications and tested when reading the
relevant special course for students majoring in "014.04 Secondary Education (Mathematics)" master's degree.

Results. Based on the proposed definition of the angle as an ordered triple of points, analogs of classical geometric relations are obtained.
These analogues allow the demonstration of elements of non-Euclidean geometries by means of elementary geometry.

Conclusions. The analytical apparatus of metric geometry makes it possible to form a generalized understanding of basic geometric concepts,
such as point, angle, distance between points, rectilinear placement of points.

KEY WORDS: point, angle, distance, metric, metric space.

INTRODUCTION

The problem formulation. Geometry textbooks use two different definitions of a plane angle: as a set of two rays with a
common origin, and as part of a plane limited by these rays. In this paper, it is offered to supplement these definitions of the
angle, considering it as an ordered three points. This definition of angle makes it possible to use it to describe the concept of
rectilinear placement of points. In this case, it becomes possible to use the conceptual and analytical apparatus of metric
geometry to obtain relations of a geometric nature. A small number of simple axioms that can be described in words or written
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analytically makes it possible to use metric geometry to form such basic geometric concepts as a point, distance, rectilinear
placement of points, an angle in the study of relevant material in the school geometry course. Also it is possible to consider these
concepts in a broader sense than it is accepted in existing school textbooks.

Recearch relevance. This work is a logical continuation of the work (Kuz'mich, 2020) and is devoted to the possibility of
acquainting 9th grade students with the elements of non-Euclidean geometries based on metric geometry. The method of
studying the basic elements of non-Euclidean geometries (in particular, spherical geometry) has been considered by a number of
authors. For example, (Lénart 2020) studied the relationship between the concepts of "point" and "line" in different types of
geometries - spherical, hyperbolic and flat, by constructing an appropriate algebraic system (comparative geometry). The paper
(Lénart & Rybak, 2017) describes the approach to the use of comparative geometry in the school course of mathematics, within
the reform of mathematics education in Hungary.

The aim of the article. The aim of the research is to demonstrate the means of metric geometry, with the help of which
it is possible to form in pupils generalized notions of distance between points, rectilinear placement of points, angle. Such
concepts provide an opportunity to acquaint pupils with the elements of non-Euclidean geometries.

RESEARCH METHODS

The main method of research is to use the concept of metric space to formulate basic geometric concepts. The main
results of the study were obtained using three axioms of the distance between the points of the metric space. The paper uses
some geometric relationships with which 9th grade students are familiar, and it is shown that these relationships are performed
in an arbitrary metric space.

RESULTS

In this paper we consider several ways to form the concept of a flat angle. It should be noted that this concept is
ambiguous, and even in existing school textbooks in mathematics there are several definitions of angle.

In the "Elements" of Euclid, the following definition of angle is given: "A flat angle is the inclination of two lines that meet
in a plane with each other, but which are not placed on (one) line" (Mordukhay-Boltovskiy, 1948).

In current mathematics textbooks, when defining an angle, the geometric system of D. Hilbert is followed: “Let a be an
arbitrary plane, and let h, k be any two different rays in the plane a, emanating from the point O and belonging to different lines.
We call the system of these two rays h, k an angle and denote 2(h, k) or £(k, h)» (Hilbert, 1923).

In accordance with the definition in the textbook of mathematics for the fifth year the concept of angle is also considered
as a set of two rays with a common origin, it is emphasized that in writing the angle an order of letters is important (Merzlyak,
Polonsky & Yakir, 2018).

In the geometry textbook for the seventh grade the angle is understood as a part of the plane bounded by two rays with
a common origin (Merzlyak, Polonsky & Yakir, 2015).

Each of the concepts of angle above in our opinion can be used depending on the specific conditions of its usage. Namely,
the angle can be understood as a system of two rays with a common origin and as a part of the plane bounded by these rays. In
addition to these definitions it is offered to consider another definition of an angle, which does not require the concepts of a
straight line and a plane. To do this you need to turn to the means of metric geometry.

The basic concepts of metric geometry are the concept of a point as an element of some set A and the distance p between
two points x and y of the set A. The distance p(x, y) must satisfy with three axioms. This set of points is called a metric space
and is denoted by (4, p).

The axioms of distance are quite simple and understandable even for fifth graders. The first one requires the distance
between any two different points x and y of the set A be positive (p(x,y) > 0). The second axiom requires commutative
distance: the distance between any points x and y of the set 4 is the same as between the points y and x (o(x,y) = p(y, x)).
The third axiom of distance is called "triangle inequality". It requires the distance between any points x and z of the set A be no
greater than the sum of the distances from these points to any third point y of this set (p(x,z) < p(x,y) + p(y, 2)). If in the
inequality of a triangle the sign of inequality is replaced by the sign of equality (p(x, 2z) = p(x,y) + p(y, 2)), in this case it is said
that the points x, y, z are rectilinearly placed in space (4, p), and the point y is between the points x and z (is internal to the
points x, y, z).

Consider the concept of angle formed by three different points of the metric space (Kuz’mich, 2019). In the future, for
simplicity, we will consider all points as pairwise different. That is, all distances between points will be considered not equal to
zero.

Definition 1. Let x, y, z — be three different arbitrary points of the metric space (4, p). The ordered triple (x,y, z) of these
points will be called the angle with the vertex at the point y, and will be denoted as: £(x,y, z). Pairs of points (x,y) i (¥, z) in this
case will be called the sides of the angle.

This definition of angle is a logical complement to the two definitions mentioned above. That is, depending on the need,
the angle can be understood as a characteristic of the relative position of three points relative to one of them, and as a set of
rays with a common origin, and as part of the plane bounded by these rays. In this case, the rays can form a straight line, then
this angle is called expanded (Merzlyak, Polonsky & Yakir, 2018).

The numerical characteristic of the angle (angle measurement) is based on the uniform division of the expanded angle
into 180 equal parts (degrees) (Merzlyak, Polonsky & Yakir, 2018). Based on this division the angles are compared with each
other, indicating that equal angles have equal degrees. An angle whose degree is less than 900 is called acute, and an angle whose
degree is greater than 90° but less than 1800 is called obtuse (Merzlyak, Polonsky & Yakir, 2018). The equality of degree measures
of two angles is equivalent to the equality of these angles (Merzlyak, Polonsky & Yakir, 2015).

So finding the degree of the angle is based on the process of dividing the expanded angle at the level of the part by means
of geometry. Such a process will necessarily raise the question of its possibility.
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If we take a circle as the basis of a numerical measure of an angle, we obtain a radian measure of an angle. In this case,
the angle of one radian is called the central angle of the circle, based on an arc whose length is equal to the radius of the circle
(Merzlyak, Nomirovsky, Polonsky & Yakir, 2018). In this case, it is necessary to use the concept of a circle to measure the angle,
and again the question arises about the possibility of measuring, for example, a right angle.

In the case of defining an angle as an ordered triple of points in a metric space, it is easier to enter its numerical characteristic.
You can only use the distances between each pair of these points. This definition can be given on the basis of the cosine theorem,
which connects the cosine of the angle of a triangle with the lengths of its sides (Merzlyak, Polonsky & Yakir, 2017).

Definition 2. Let x, y, z — be three different arbitrary points of the metric space (A, p). The characteristic of the angle
2(x,y,z) (the angular characteristic) we call the real number @ (x,y, z), which can be found as:

_ PP +pi(y.2)-p3(x.2)
o(x,y,2) = 2p(xy)p(¥,2) (1)

From this definition it is easy to get the definition of the following angles. The “right angle” is called the angle 2(x,y, z)
for which the equality ¢ (x,y, z) = 0 is right; “expanded angle” - the angle for which the equality ¢ (x,y,z) = —1 is right; “zero
angle” - the angle for which the equality ¢ (x,y, z) = 1is right.

From Definition 2 you can get an estimate for the values of the angular characteristic.

Theorem 1. The characteristic of the angle £(x,y, z) satisfies the double inequality:

-1<¢(xy2) <1

Indeed, using the axioms of the distance between the points of the metric space, we will have:

2 2 2

<oy =" Goy) +p*0,2) = P2 2) _ 1
2p(x,y)p(y, 2)
=2p(, Py, 2) < p*(x,y) + p*(y,2) — p*(x,2) < 2p(x,¥)p(y,2);
{ p?(x,y) + p?(v,2) — p?(x,2) < 2p(x,Y)p(y, 2),
—2pC, )Py, 2) < p*(x,y) + p*(y,2) — p*(x, 2);
{(p(x, y) = p(y,2))? < p?(x,2),
(0, y) + p(y,2))* = p2(x, 2);
Extracting the square root of both parts of the inequalities, we have:

—p(x,2) < p(x,y) — p(y,2) < p(x, 2); { p(x,y) —p(y,2) < px,2),
p(x, ) +p(y,2) = p(x,2), p(x,y) —p(y,2) = —p(x,2);

p(x,y) +p(y,2) < —p(x,2); pCx,y) +p(y,2) = p(x,2);
p(x,y) —p(y,2) < p(x,2), p(x,y) < p(x,2) + p(y,2),
p(x,y) —p(y,2) = —p(x,2), p(x,y) +p(x,2) =2 p(y,2),
p(,y) +p(y,2) = p(x,2); p(x,y) +p(y,2) = p(x,2).

Each of the inequalities of the obtained system is fulfilled due to the third axiom of the distance between the points of
the metric space - "inequalities of the triangle". Thus, the statement of the theorem is valid.

Using Definition 2, we can give an alternative definition of the rectilinear placement of three different points of the metric
space (Kuz’mich, 2019).

Definition 3. We will say that three different points x, y, z of the space A are arranged rectilinear, if for at least one of
these points (for example, for the point y) the equality holds:

*(x,y,2) = 1. (2)

If we have a set of points, then it is natural to give the following definition of their rectilinear placement (Kuz’'mich, 2019).

Definition 4. We will say that the set of points of a metric space are rectilinearly placed if any three different points of this
set are rectilinearly placed.

Let’s show that Definition 3 is equivalent to the classical definition of a rectilinear placement of points. To do this, assume
that for three different points x, y, z of the metric space (4, p) the equality holds: p(x,z) = p(x,y) + p(y, 2). It means that
these points are rectilinearly placed in space (4, p) (Kagan, 1963; Dovgoshei & Dordovskii, 2009; Halushchak, 2016). Subtract
both parts of the equality to the square:

p?(x,2) = p*(x,y) + 2p(x, y)p(y,2) + p*(y, 2).
Substituting this value in the right part of equation (1) we obtain:
PPy +p (2 —p*(x2)

$0ay,2) = 2p(x,y)p(v,2)
_PP@y) +0°0.2) — (0’ y) + 2000 )p(.2) +p2G12) |
2p(x,y)p(v,2) '

Therefore, equality (2) holds, and the points x, y, z are rectilinearly placed in the sense of Definition 3.
Let now for the points x, y, z of the space (4, p) the equality (2) from the Definition 3 holds. Then two cases are possible:
o(x,y,z) =1ore(x,y,z)=—1.
Consider the first case when the equation is valid: ¢ (x,y,z) = 1. Then from equality (1) of Definition 2 we obtain the
equality:
p*(0,y) +p*(y,2) — p*(x,2)
2p(x,y)p(y, 2)
p2(x,y) + p*(y,z) — p*(x,2) = 2p(x, Y)p(y, 2);
(p(x,y) = p(y,2))* = p*(x, 2).
The last equality is equivalent to the combination of two equalities:
pG,y) —p(y,2) = px,2),
p(x,y) —p(y,z) = —p(x,2);

’
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or a set of equations:
pCx,y) = p(x,2) + p(y,2) = p(x,2) + p(z,),
p(y,z) = p(x,y) + p(x,2) = p(y,x) + p(x, 2).

In both cases points x, y, z are rectilinearly placed in space (4, p), according to the classical definition (Kagan, 1963).
Moreover, in the first case, the point z lies between the points x and y, in the second - the point x is between y and z.

Now let the equation be right: ¢ (x, y,z) = —1. From equality (1) of Definition 2 we obtain the equality:

p’(x,y) +p*(y,2) —p*(x,2)
200, y)p(y, 2)
p2(x,y) + p*(y,z) — p*(x,2) = =2p(x,y)p(y, 2);
(p(x, ) + p(y,2))? = p2(x, 2).
The last equality is equivalent to the combination of two equalities:
p(x,y) +p(y,2) = p(x,2),
pC,y) +p(y,z) = —p(x, 2).

From the first equality of the obtained set it follows that the points x, y, z are rectilinearly placed in space (4, p), and
point y is between x and z. The second equality of the population cannot be satisfied due to the first axiom of distance - distance
cannot be negative.

Finally, we obtain that both definitions of the rectilinear placement of the points of the metric space are equivalent to
each other.

From equality (1) of Definition 2 we can obtain some well-known classical facts concerning the geometry of Euclid. It is
interesting that their geometric meaning is not used. That is, these results are purely analytical in nature, and are the
consequences of the properties of the set of real numbers. In particular, from equality (1) it is easy to obtain an analogue of the
Pythagorean theorem for a right triangle (Kuz’'mich, & Savchenko, 2019).

Theorem 2. If for three different points x, y, z of the metric space (4, p) following equality is right: ¢ (x,y,z) = 0, then
the equality holds:

)

p*(x,2) = p*(x,y) + p*(¥,2).

To prove this theorem, it suffices to put in equality (1): @(x,y,z) = 0, and to equate to zero the numerator of the right-
hand side of the equality. It is interesting that this result is valid in any metric space and therefore is a consequence of the
properties of the set of real numbers.

The following result is also valid in any metric space, that is, does not depend on the method of choosing the distance
between points in space (Kuz’mich, & Savchenko, 2019).

Theorem 3. For arbitrary three different points x, y, z of the space (4, p) following equality is right:

p(x,2) = p(, )y, x,2) + p(y, 2)p(x,2,). 3)

To prove equality (3) we use equality (1) Definition 2. Transforming the right part of equality (3), we obtain:

PGy, x,2) + p(y, 2)9(x,2,y) =
p*(y,x) + p*(x,2) — p*(y,2) 4o )pz(x, 2) +p*(zy) —p*(x,y)
2p(y, x)p(x, z) Py 2p(x, 2)p(z,y) B
_ PP, x) +p*(x,2) — p?(y,2) + p*(x,2) + p*(z,y) — p*(x,y) _ 2p*(x,2) _
- 2p(x,2z) T 2p(x,2)

Therefore, equality (3) holds. Note that it is an analogue of the well-known "projection formula" in Euclidean geometry
(Ponarin, 2004).

Despite the significant analogy of the obtained results with the corresponding facts of Euclidean geometry, the above
definition of the angle allows elements of non-Euclidean geometry. To make sure of this, consider a fairly simple example of a
metric space, the points of which are linear functions denoted by the interval [0; 1]. For the distance between the two functions
y = f(x) and y = g(x) let’s take the number:

=p(x,y)

p(x, 2).

p(f,9) = maxye[o,1)lf(x) — g(x)I. (4)
With this choice of distance, the considered set of functions becomes a metric space (Kolmohorov, & Fomin, 1974).
Example 1. Let’s consider four functions: y; = x + 1, y, = x, y3 = x — 2, y, = —x. On the segment [0; 1] we find the

distances between these functions by formula (4):
P(YLY2) = p12 =1, p(y1,¥3) = p13 = 3; (Y1, Ya) = P14 = 3;

P(¥2,¥3) = P23 = 2; p(V2,¥4) = p2a = 2; p(¥3,¥4) = p3s = 2.
These results are easy to illustrate on the coordinate plane (Fig. 1).

Yo
5 v =x+1
1 | ya=x

1

H X
o 1

|

Pove=—x
= D y

yy3=x—2

-2 Y

Fig. 1. Graphs of functions y4, y2, ¥3, ¥4
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From the obtained equations it follows that the points y,, y,, ¥3 are rectilinearly placed, because the equality is fulfilled:
P13 = P12 + p23 = 1+ 2 = 3. In this case, the point y, lies between the points y; and y3.

As in the Euclidean geometry, it should be expected that the angle 4(yy,¥,,¥s) and the angle 2(ys, V5, ys) will
complement each other to the expanded angle. To check this, we find the appropriate angular characteristics. By formula (1) of
Definition 2 will have:

_P122 + 03— Pia _1+4-9

Y2, Ya) = = -1
P(V1,Y2,¥4) = P124 Zoupa 7
( ) = =P32+P24_P34=4+4_4205
P\Y3,Y2,Ya) = P324 2p32P0a 3 =f
Because of Definition 2 one should expect equality: @124 = —@324. However, it is not fulfilled. This indicates that the

Definition 1 of angle formed by three points of the metric space allows elements of non-Euclidean geometry. This fact indicates
the possibility of using such elements in the school course of mathematics.

DISCUSION

The results of the study were reported and discussed at several international scientific and practical conferences, in
particular, at the Xl International Conference on Mathematics, Science and Technological Education “ICon-MaSTEd 2020”
(Kuz’mich & Kuzmich, 2021). These results were tested at Kherson State University. First-year students of the master's level of
higher education in the specialty "014.04 Secondary Education (Mathematics)" were taught a special course on the elements of
metric geometry. The results of the analysis of the study of this discipline indicate a significant deepening of students'
understanding of the basics of geometry, its axiomatics. AlImost two hundred years have passed since the first non-Euclidean
geometry (Lobachevsky's geometry), however, in the school course of mathematics, even in classes with in-depth study of
mathematics, it is still mentioned only historically (Merzlyak, Polonsky & Yakir, 2015). The essence of Lobachevsky's geometry
and other non-Euclidean geometries, their interpretations, remain inaccessible to students. The rapid development of metric
geometry in our time, the simplicity and accessibility of its axiomatics opens the possibility of acquainting students with the
simplest concepts of this geometry, the formation of generalized concepts of point, distance between points, straightness, angle,
plane. Such generalized concepts will ensure adequate students' perception of the basic provisions of non-Euclidean geometries.

The study of opportunities for pupils to get acquainted with the elements of non-Euclidean geometries is usually carried
out within the framework of non-formal education, using such forms as electives, special math classes and so on. Many
dissertation researches are devoted to this topic. In particular, pupils' acquaintance with the elements of Lobachevsky's geometry
and other non-Euclidean geometries was studied in detail (Gaybullayev, 1972; Martirosyan, 1973). The development of Euclidean
and non-Euclidean spatial representations in high school students was studied while studying the integrative elective course
"Introduction to Modern Geometry of the Universe" (Yermak, 1991), as well as the possibility of studying elements of
Lobachevsky's geometry at school (Titova, 2003). In addition, a theoretical justification of the possibility was made of acquainting
students with the elements of non-Euclidean geometries and methodological support of non-formal education. Practical
measures in this direction have led to the creation of elective programs in non-Euclidean geometries (Gorshkova & Titova, 2005;
Titova, 2006). When acquainting pupils with the elements of non-Euclidean geometries, Lénart's approach can be useful,
proposing to study the properties of plane and spherical geometry by means of comparative geometry, through direct
experiments with practical tools (Lénart, 2005; Lénart, 2021).

CONCLUSIONS AND PROSPECTS OF FURTHER RESEARCH

The above material indicates the possibility of mastering the basic concepts of non-Euclidean geometries by students
studying in classes with in-depth study of mathematics. At the basic level, these concepts can be learned intuitively using their
description, characteristics of the main properties and giving relevant examples. At the profile level, you can enter the distance
axioms between the points of the metric space, examples of metric spaces and the corresponding numerical characteristics of
basic geometric concepts.

In the further research it is necessary to continue in the direction of studying properties of flat arrangement of points,
using thus definition of the angle formed by three points of metric space.
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®OPMYBAHHA NOHATTA KYTA 3ACOBAMU METPUYHOI TEOMETPIT HA TEOMETPUYHOMY MATEPIANI 9 KNACY
B.I. Kysbmuy, /1.B. Kysbmud, O.I'. Cag4yeHKo
XepcoHcbKuli OeprasHuli yHisepcumem, YkpaiHa

AHomayia. Poboma noss2ae y BUBYEHHIO MOXAUBOCMI 3ACMOCYB8AHHA 3acobie mempuyHoi eeomempii 018 (POPMYyB8AHHA OCHOBHUX
2eo0MempuYHUX MOHAMb MPU 8UBYEHHI 2eoMmempii' y 3aKknadax cepedHboi ocgimu. BukopucmaHHA mempu4Hoi eeomempii 8idKpusae
wax 00 3Haliomcmea y4YHie 3 enemMeHMamu HeesKknidosux eeomempili AK HA iIHMYIMUBHOMY, MAK | HA AKCIOMAMUYHOMY PiBHAX. Y
pobomi, Ha OCHOBIi 03HAYEHHA YUCN0B0I XAPAKMEPUCMUKU Kymd YmeopeHo20 mpboMa MOYKAMU Mempu4HO20 npocmopy, 0aHO
asbmepHamueHe 03HA4YeHHS MPAMOIHIIHO20 pPO3MileHHA mMOYoK. 3a OO0MOMO20K0 YUC/080I XAPAKMEePUCMUKU e2Ko
OMPUMYIOMbLCA 03HAYEHHA MPAMO20 Ma po320pHYmMo20 Kymis. HaseedeHuli y pobomi mamepian MoxHa sukopucmosyeamu Ha
ypoKax 2eomempii Mo4yuHaro4u 3 9-20 Kaacy, ma y rno3akaacHili pobomi 3 y4HAMU AKi HABYAIOMbLCA Yy KaAacax 3 noaaubneHum
8UBYEHHAM MAMeMamuKu.

®PopmyniosaHHA npobaemu. Mamepian daHoi pobomu cmMocyemoCs, y OCHOBHOMY, BUKAAOAHHA MAMeMAamuKu y KAacax 3 nozaubsaeHum
sus4eHHAM mamemamuku. Cy4acHuli cmaH mamemamu4Hoi 0ceimu cmasume MUMAHHA PO HeobXiOHiCMb 03HAliOMsIeHHA Y4Hie 3
OCHOBHUMU MOHAMMAMU ma hakmamu HeesKknidosux 2eomempiti. 3pobumu ye 6e3nocepedHbO 38epmarovucs 00 aKkmu4Ho20
mamepiany makux 2eomempiti 0ocums CKAAOHO, 38aX(ar0YU Ha 3Ha4YHull piseHs (io2o popmanizauii. ¥ daHili pobomi, 0515 supiwieHHA
U4b020 MUMAHHA A8MOPU MPOMOHYMb BUKOPUCMAMU 3acobu mempu4Hoi 2eomempii, Ak Halibinbw HabauxeHoi 00 WKinbHo20
Kypcy 2eomempii. [pornoHyemoca posnoyamu yto pobomy 3 popMyB8aHHA y3a2asnbHEHUX OCHOBHUX 2e0MempPu4HUX NOHAMb ma
06’eKmis, MaKux K Mo4Ka, Kym, npamosniHiliHe po3miueHHs MOYOK.

Mamepianu i Memodu. Pe3ysemamu pobomu ompumaHi Ha nidcmasi aHani3y Oito4ux NiOpy4YHUKI8 3 MamemMamuku 0717 KAacie 3 noaaubaeHum
i sug4yeHHAM, MNiOpyYHUKiI8 3 2eomempii ma mMamemMamuyHO20 aHanizy 3aknadie euwoi oceimu, Haykosux nybaikayili ma
anpobosaHi npu YumaxHi 8i0NosioHo20 crieykypcy cmydeHmam cneuianeHocmi «014.04 CepedHs ocsima (Mamemamuka)»
MazicmepcbKo20 pigHA sUWOi oceimu.

Pe3ynemamu. Ha 0cHO8i 3arponoHO8aHo20 03HAYEeHHA Kyma AK yrnopA0Kos8aHoi mpiliku moYyoK ompumMaHi aHan02u KAACUYHUX 2e0MeMPUYHUX
cniegioHoweHs. Lli aHanozau Oonyckarome O0eMOHCMPAuito esnemeHmie Heesknidosux 2eomempili 3acobamu esnemeHMapHoI
2eomempii.

BucHosKu. AHanimuyHuli anapam mempu4Hoi 2zeomempii 0ae Moxcausicme cihopmysamu y3azanbHeHe PO3YMiHHA OCHOBHUX 2e0MempPuvHUX
MOHAMb, MAKUX AK MOYKA, Kym, 8i0CMaHb MiX MOYKAMU, NPAMOAIHIUHE PO3MIiUjeHHA MOYOK.

Knroyosi cnosa: moyka, Kym, 8idcmaHs, MempuKa, mempu4Huli npocmip.

This work is licensed under Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.

12



