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AHOTAUIA

ABSTRACT

®dopmy P06 Knacu4Hum HepisHOcmam npucesveHa

pisHOMaHimHa ~ mamemamuy4Ha  aimepamypa.  HepisHocmi  Kowi-
ByHsKkoscbko2o ma [endepa snexcams 8 ocHosi 2eomempii yHimapHux ma
HOPMOBAHUX Mpocmopie. Y cmammi po32aaHymo y3a2anbHeHHA Uux
KOHCMPYKYili — noniniHiliHi  ¢hopmu | HepigHocmi 0na Hux. 3micm
y3a2anbHeHUxX HepisHocmeli nonszae 8 OuyiHYi noniniiliHoi ¢opmu  8id
cucmemu sekmopig Yepe3 ixHi Hopmu. Cama popma 3a 308HIWHIM 8U21900M
€ Y302a16HEHHAM CKanApHo20 006ymKy 8i0 008inbHOI KinbKkocmi eekmopie.
Cymmeso, wjo dosedeHHsA MPoBoOAMbCA eseMeHmapHUMuU memoodamu, 6e3
8UKOPUCMAHHSA 3acobis Mamemamuy4Ho2o aHanizy. Bidomo, wjo HepigHicme
Kowi-ByHAKOBCbKO20 € 4acmMuHHUM eunadkom HepigHocmi [endepa. B
pobomi NoKasyemeocs, Wjo HasnaKu, opyay 3 yux HepisHocmeli moxce 6ymu
8ugedeHo 3 nepwoi. 3acmocy8aHHsA dosedeHux HepieHocmeli 00 KOHKPemHUX
8eKkmopie 0ae 00epHaHHA 8iI0OMUX pe3ysemamis, 30Kkpema, HepieHocmi 0115
cepedHix cmeneHesux i OeAKux iHWuUX, AKIi aemopam He 3ycmpidanuce y
MamemamudHili nimepamypi. HepisHocmi moxcyme 6ymu nepeHeceHi Ha
8€KMOpU 3 HECKIHYEeHHOBUMIPHUX npocmopie nocnidosHocmeli. Ix moxcHa
3acmocosy8amu makox# 047 MOWYKy ekcmpemymy OesKux @yHKyil i npu
nidzomosy;i do onimniad.

Mamepianu i memoodu. [na dosedeHHs y3a2anbHeHoi HepigHocmi Kowi-
BYHAKOBCLKO20 BUKOPUCMAHO HepieHicmb Kowi 0715 Hegid eMHUX Yuces, Wo €
KoopduHamamu eekmopie 6azamosumipHozo npocmopy. [lpu nesHomy
subopi makux eekmopie 3 uiei HepigBHocmi 00800UMbLCA Y3a2anbHEHA
HepigHicme endepa. Bubuparouu eekmopu pi3HOMaHImMHUMU criocobamu,
MOXHa 00epx#amu pi3Hi 3MicmoeHi HepigHocmi.

Pesynbmamu. flosedeHo y3azansHeHi HepisHocmi Kowi-byHAKOBCbKO20,
lendepa, HepigHicmb 01a cepedHix cmerneHesux ma OeaKi iHwi.

BUCHOBKU.  3aCMOCYBAHHA  y3a2anbHeHUX  HepigHocmel  Kowi-
ByHsaKoscbKozo i [endepa Ao pi3zHUX cucmem 8ekmopie 3 Hegid’eMHuUMu
KoopOuHamamu Oae HepieHocmi — AK exce 8idomi, mak i Hosi i documb
3micmoeHi. IxHe OdosedeHHs 3800umbca nuwe 0o eubopy nompibHoi
cucmemu 8ekmopis. Ha uysomy wnaxy edaembca nesko 0osooumu
HepigHOCMI, AKI MOXCHA 3ycmpimu Ha MamemMamuy4yHuUx oaimniadax.

Formulation of the problem. Various mathematical literature is
devoted to classical inequalities. The Cauchy-Buniakowski and Helder
inequalities are at the heart of the geometry of unitary and normed spaces.
The article considers the generalization of these constructions - polylinear
forms and inequalities for them. The content of generalized inequalities
consists in estimating a polylinear form from a system of vectors through
their norms. The form itself in appearance is a generalization of the scalar
product of an arbitrary number of vectors. It is essential that the proofs are
carried out by elementary methods, without using means of mathematical
analysis. It is known that the Cauchy-Buniakowski inequality is a partial case
of Helder's inequality. The paper shows that, on the contrary, the second of
these inequalities can be derived from the first. The application of proven
inequalities to specific vectors yields well-known results, in particular,
inequalities for power averages and some others that the authors did not
encounter in the mathematical literature. Inequalities can be transferred to
vectors from infinite-dimensional sequence spaces. They can also be used
to find the extremum of some functions and in preparation for the Olympics.

Materials and methods. To prove the generalized Cauchy-Buniakovsky
inequality, the Cauchy inequality was used for non-negative numbers, which
are the coordinates of vectors in a multidimensional space. With a certain
choice of such vectors, the generalized Helder inequality is proved from this
inequality. By choosing vectors in various ways, you can get different
meaningful inequalities.

The results. The generalized Cauchy-Buniakovsky, Helder inequalities,
the inequality for power averages, and some others are proven.

Conclusions. The application of the generalized Cauchy-Buniakovsky
and Helder inequalities to various systems of vectors with non-negative
coordinates gives inequalities - both well-known and new and quite
meaningful. Their proof is reduced only to the selection of the desired
system of vectors. In this way, it is possible to easily prove inequalities that
can be found at mathematical Olympiads.

K/ItO4OBI C/IOBA: HepisHicmb Kowi-byHAKOBCbKO20; HepigHicmb
lendepa; sekmop; KoopOuHamu eekmopa; AiHiliHuli npocmip; Hopma;
HepigHicmbe MPUKYMHUKa; cepedHe cmeneHese.

KEYWORDS: Cauchy-Buniakovsky inequality; Helder's inequality; vector;
vector coordinates; linear space; norm; triangle inequality; power average.

BCTYN
l. NocTaHoBKa 3agaui

Hexait A :(am,akz,...,akn),k =1..,M — cucrema sekTopiIB NiHiliHOro npoctopy R™. Beeaemo HOPMY B LibOMY NPOCTOPI:
_mlan m - _ Ok _ %kj N
[|Agll = /ij |akj| . PO3rNAHEMO AONOMIXKHI BEKTOPU X, =Xy, Xyzrees Xi ) K =1es M, fl@ X j = s 3 iXHbOTO
27|
m m
03HaueHHn BunauBae, Wwo || X, || = ’ ;‘_1|xkj| =1.

bBoxoHoB 0., boxoHoBa T. HepisHocTi Kowi-byHAKkoBcbKoro i lenaepa Ta ixHe y3aranbHeHHA. @isuko-mamemamuyHa ocsima, 2023. Tom 38. Ne 2. C. 11-14.
DOI: 10.31110/2413-1571-2023-038-2-002

BoxoHoB, 0., & BoxoHoBa, T. (2023). HepisHocTi Kowi-ByHaKkoBcbKoro i Fengepa Ta ixHE y3aranbHeHHs. ®izuko-mamemamuyHa ocsima, 38(2), 11-14.
https://doi.org/10.31110/2413-1571-2023-038-2-002

ANnA unuTyBaHHA:

Bokhonov, Yu., & Bokhonova, T. (2023). The inequalities of Cauchy-Buniakovsky and Helder and their generalizations. Physical and Mathematical Education, 38(2),
11-14. https://doi.org/10.31110/2413-1571-2023-038-2-002

Bokhonov, Yu., & Bokhonova, T. (2023). Nerivnosti Koshi-Buniakovskoho i Heldera ta yikhnie uzahalnennia [The inequalities of Cauchy-Buniakovsky and Helder and
their generalizations]. Fizyko-matematychna osvita — Physical and Mathematical Education, 38(2), 11-14. https://doi.org/10.31110/2413-1571-2023-038-2-002

For citation:

= Corresponding author © Yu. Bokhonov, T. Bokhonova, 2023

11



Tom 38, Ne 2 / Vol. 38, No 2 (2023) ®iznko-matematnuHa ocsita / Phisical and Mathematical Education

Oani 6yaemo BBaxaTtn BCi & Hesia'eMHMMK, iHaKlle ByaeMo 3anucyBsaTi HepiBHOCTI 418 MoayAis. 3afada nonarae B
y3araNbHeHHi A BOX KNAaCMYHMX HepiBHOCTEM AN M>2 BeKTOpiB:
1) y3aranbHeHa HepiBHicTb Kowwi-ByHAKOBCbKOrO:
m m
allazl"'am1+"'+a‘1na2n mn*\/(al +. +a’ln) \/(am1+"'+amn) ; (1)

2) y3aranbHeHa HepiBHiCTb Menbaepa:

Wp >k =10, T e+t o1

P P
1 1
2 P; P P
B8y By + oo+ BBy, < (o F AR )P (@R o af )
B 060x HEpiBHOCTAX PiIBHOCTI MatoTb MiCLLe TOAi | IMLLIE TOAi, KONN BEKTOPU KOiHEapHi.
HepiBHocTi Kowi-byHakoBcbKoro, Menaepa Ta geski iHWi BUKNageHo, Hanp., B [2, 3]. barato KNacM4YHUX HepiBHOCTEN B

Cy4acHil niTepaTtypi MiCTUTbCA B UMTOBaHMX poboTax [1-7]. Mpu ubomy Ana goBeAeHHA B BiNbLIOCTI 3aCTOCOBYHOTLCA METOAM
MaTeMaTUYHOrO aHani3y.

Il. loBepeHHA HepiBHOCTEH
ANA KOKHOTO j=1..,N yTBOPUMO AOBYTOK & 8.8y =|Al.[Ay[X; %Xy j-ux KoopauHaT umx sexTopie Ta
CKOPUCTAEMOCD HepiBHICTIO Kowi ana Xijs Xpjse Xy 2 0:

m
X11+X21 Xl

8858y = [ Al A% XXy <[A]- A

K BigOMO, piBHiCTb B HepiBHOCTI Kowi mae micue Toai i TiNbKM TOZAi, KOAW BCi MHOMKHWKW pPiBHI MiX coboto:

. i a Ay
Xj =X) = =Xy (J :1,--””). Lle o3Hauae, WO NPU KOXHOMY | Ma€e micue: By %y 3HaunTb, KOOPAMHATK
IAl- 1Al HAnH
BekTopie A,k =1,...,m NponopuiiHi, To6To, Ui BEKTOPU KoNiHeapHi.
[Jopatoum BCi Taki HepiBHocTi gna j =1,...,n, Byaemo matu
Zam e+ B = BBy + e BBy By

X Xy X + X ...+ X
SAi,,,An[XnJF et X X Xt mn]=

m m

", x X "x Mex ™
=A1---Aﬂ[xﬂ At K gt e J=A1---An=

m m

OCTaTOYHO, 0AEPKMMO y3arasibHeHy HepiBHICTb Kowi-ByHAKOBCbKOro:

m
allazl"'am1+"'+aln32n mn \/(a'11+ +a'1 ) \/(a +"'+amn)
3 ui€i HepiBHOCTI BUNNBAE:

(ai1a21"'am1+'“+ainaZn"'amn)mS Zaimj Zarr:J (2)

abo y KOMNaKTHOMY BUMNAL]

BapTo MOBTOPWUTK, WO PIBHICTb B LA HEPIBHOCTI Mae Micue ToAj i TiIbKM To4i, Koau KoopauHath Bektopis A, k=1...m
NpPonopLiiHi, TOBTO, BEKTOPM KoNiHeapHi.
JoBeneHHsA y3aranbHeHOI HepiBHOCTI lenaepa.

1 1 1
PosrnaHemo gq; € N ogHakoBuMx BeKTOpiB [(an)w ,(312)% ,...,(ain)qu J , q; € N.No3Haunmmo: ¢, +...+¢ =m

3acTOCOBYHOUM [0 LMX BEKTOPIB AOBeAEHY y3araibHeHy HepiBHiCTb Kowwi-ByHAKOBCbKOro, 04epKMMO:

()0 (@0 (@) (@ o (@ o (@) (@) (@) <

LY a9
m m\m m m\m

G [} q q
<|af+.+ap | o al+.ral

3a YMOBM /1iBa YaCTUHA HEPIBHOCTi AOPIBHIOE 818y + ...+ 8,30 .

m m .
BeBegemo nosHaveHHa: p,=—>1..,p =—>1.3Bigcu
1 |

i+...+i=&+...+&:l,

Py ppom m
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Lle gae 3mory nepenncaTn HEPIBHICTb Y BUrNA4i
1

1
Py P\, p P\ o
allaZI"‘all+"'+a1n32n"'alng(a'11 totay, )pl "'(alll +"'+a|n‘)p' .

OpepKMMOo aesKi HacniaKu 3 foBeAEeHNX HEPIBHOCTEN.

111, Npuknagm

Mpuknag 1. m=2. 3aCTOCYEMO HepiBHICTb TPUKYTHWKA a NOTIM AOBeAeHy HepiBHICTb (2) ans BekTopis (ai,---,an) i

(bll---,bn) 3 He060B’A3KOBO HEBIfA' EMHUMM KOOpPANHATAMMU:

|asby+... +anby| < layllby |+ +lanllbl < [S7, a2 /zv;zl b2

Lle Biaoma HepiHicTb Kowi-ByHAKOBCHKOrO i, fIK BiAOMO, PiBHICTb B L1 HEPIBHOCTI Ma€ Micue Togi i TibKM ToAj, Konun
BEKTOPW KONiHeapHi, TO6To, KOOpAMHATY NPOMOPL,iMHI.

Mpuknag, 2. 3actocyemo HepisHicTb (2) ana K oaHakoBMX BeKTOpiB (%---:an) i ana m—k, m>k opHakosux BekTopis

(by,....by)

(afb™* +..+ ar'fbn”"")m S anm)k (b +...+b") (3)

Mpuknapg, 3. 3acTocyemo HepisHicTb (3) ansa K ogHakoBux BeKTOpiB (%---:an) i ana m—k, m>Kk ogHaKkoBMXx BeKTOpiB

(L,....1) (to670, yci b; =1, j =1,...,n). Oaepunmo sigomy HepisHicTb

(al +...+a§)msn""k(aim+...+a;”)k : (4)
3okpema, npu k=1
(a+..+a,)" <n"*(a] +..+a]). (5)
3 (4) BunanBae:
1 1
(ai"+...+a,'f]kS[a{”+...+aﬁ”jm. (6)
n n

Bupasu 3niBa i cnpaBa Ha3MBalOTbCA cepeaHiMM cTeneHeBUMM BiagnosiaHo cteneHis K i m. OTKe, AoBeAeHO Bigomy
HepIBHICTb ANA CepeaHiX CTeNeHeBUX HeBia EMHMX Ymncen npu m > k.

NpuKknag 4. 3acTOCyeEMO HepiBHICTb (2) ana k 04HAKOBKUX BEKTOPIB (ai,---,an) i ana m—k, m>Kk oAHaKOBWUX BEKTOPIB
(an,---,ai) . 3p03yMmino, Lo ixHi HopMmK ogHaKoBi. Maemo:
k Am-k k Aom-k m m
aa " +.tad < +..+a.
3ayBaKeHHA. Y Apyromy BEKTOPi MOXHa B3ATU Byab-AKy iHLWY NepecTaHOBKY KOOPAMHAT NepLIoro BeKTopa.

MNpuknap 5. Hexalh m=m, +m,. 3aCTOCYEMO HepiBHiCTb (3) ANA m, OAHAKOBMX BEKTOPIB (ai,---,an) i ana m,

H TODPI | b = J—l n
(o) aKo eKTOo Ty T | [e] i T yerey .
[, KOBUX BEKTOpPIB ] pu ubomy j j

n

2 2
Npuknag 6. 3acToCcyemo A0BeAeHY HepiBHICTb (2) A0 CMCTEMM BEKTOPIB (al,---,an), (31 ""’an),..., (ai e 8y ) :

m(m+1) m(m+1) m
[al 2 y..+a, 2 J <(a +..+a))(a" +..+a).(a" +.+a]") -

o T
Mpuknap 7. Hexan oy, a,,...,a, € (O,z—m] . Po3rnaHemo BekTOpM 3 AOAATHUMMN KOOPAMHATAMMU:

(c0sar,C08@,...,C08 @, ), (C0S2a,C082ary,...,C0820r, ) .., (€082 e,C052™ax,,...,COS2™ ez, )
| 3aCTOCYEMO A0 HUX HEPIBHICTb (2):

(cos @, €0S2a, 02" + COS ar, COS 2, C0S 2™t + ... + COS ,, COS 201, €08 2" ax,, )m <
<(cos" e +cos" at, +...+c0s" , ) COS" 201, +€0S" 2az, +...+C08™ 20x, ) x

X, X (cos”‘ 2" ey +cos" 2", + ...+ COS” 2m‘1an) .

i m
BUKOpMCTOBYIOUM BigOMy dopmyny cos @ cos 2 @...cos 2™ 1@ = %,(p #+ mk,k € Z , nepenviwemo oaepKaHy

HEepiBHICTb Y HACTYNHOMY BUTNAA;:

. . . m

sin2"a, sin2"q, sin2"¢,

- +— ot — <
sing, sina, sina,
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2
<2™ (cos" o, +C0s" @, +...+C0s" a, ) (COS™ 2ar, + COS™ 2at, + ...+ COS" 20z, )

x...x(cos" 2™ e, +C0s" 2™ @, +...+COS" 2"y, ) .

OBrOBOPEHHA
JoBeneHi HEPIBHOCTI MatoTb Bak/MBE 3HAaYEHHS cami Mo cobi, ane TaKoXK € LiKaBMMWU HacnigKu 3 HUX. Mo-neple, 3a
[,0MNOMOrOt0 y3arasibHeHoi HepiBHOCTI KoLwwi-ByHAKOBCbKOTO IErKO OBOAUTLCA KNAACUYHA HEPIBHICTb A1A CepefHiX CTeneHeBmX.

Mo-apyre, BUBMpatoUm pisHi 3HAYEHHA ANA KoopauHaT BekTopis A =(ak1,ak2,---,&<n),k =1,...,M, MoxHa ofep:KaTh pisHi LjiKaBi

HepiBHOCTI. B Takuli cnocib aBTopam BAaBanoOCh IETKO pPO3B’A3aTh AeakKi onimniagHi 3agaui.

BUCHOBKU TA NEPCNEKTUBU NOAANBLUOIO AOCNIAKEHHA

Cepes, MNOAANbLIMX  MOMAMBUX  PE3y/bTaTiB  MOMAMBE  PO3NOBCIOAMKEHHA  [OBEeAEeHWUX HepiBHOCTEW  Ha
HEeCKiHYeHHOBMMIpHi nNpocTopu nocnigoBHocTel. LlikaBo 6yno 6 A0BECTM aHANOriYHi HEPiBHOCTI Aaa iHTerpanis mMetoaammu
MaTeMaTUYHOrO aHani3y.

CNMUCOK BUKOPUCTAHUX OXKEPEN

1. Aldaz, J. M., Barza, S., Fujii, M., & Moslehian, M. S. (2015). Advances in Operator Cauchy—Schwarz inequalities and their reverses. Annals of
Functional Analysis, 6 (3), 275-295, https://doi.org/10.15352/afa/06-3-20.

2. Bokhonov, Yu.Ye. (2021). MaTemaTtunuHuii aHanis: udepeHuianbHe YncieHHa GyHKLIN ogHiel 3miHHOI. KMl Hasy. nocibHuK. Kyiv: KPI named
after Igor Sikorskiy. https://ela.kpi.ua/handle/123456789/42337

3. Mitrinovic, D. S., & Pecaric, J. E. (1993). Springer Science+Bisiness Media Dordrecht, 83-99.
https://books.google.ru/books?id=A0XwWCAAAQBAJ&pg=PA83&hl=ru&source=gbs_toc_r&cad=3#v=onepage&q&f=false

4. Steele, .M. (2004). The Cauchy_Schwarz Master Class. Cambridge University Press.

5. boxoHos, t0.€. (2022). Y3aranbHeHHs HepiBHoOcTel Kowi-ByHskoscbKoro Ta lengepa. Hayka B KOHTeKcTi rnobanbHoi TpaHchopmauii
cycninbcTea. MaTtepianu HayKoBO-NpaKkTUYHOT KoHdepeHUii (M. MonTaga, 26-27 cepnHa 2022 p.), Odeca: BudasHuymeo «Mosnodul aueHuli».
https://molodyivchenyi.ua/omp/index.php/conference/catalog/book/8

6. MXypascbKa, I'.B., & lWpameHoko, B.M. (2010). HepisHocTi: MeToaunuHi BKasiBKKM A0 KypciB NiHiHOT anrebpu Ta matemaTMuHOro aHanisy Kril.
https://mph.kpi.ua/assets/img/Shramenko-V.M/neravenstval.pdf

7. MapTuHeHko, 0.B., & YkaHa f.0. (2017). BUKOPUCTaHHA METOAiIB MaTEMATUYHOrO aHaNi3y ANA AOBEAEHHA HePiBHOCTEN. AKMYasnbHi
MUMAHHA NPUpodHUYO-MmamemamuyHoi oceimu. 1(9), 2017 35-44.
http://elibrary.kdpu.edu.ua/bitstream/0564/1362/2/APPMO_N9_2017.pdf

REFERENCES (TRANSLATED AND TRANSLITERATED)

1. Aldaz, J. M., Barza, S., Fujii, M., & Moslehian, M. S. (2015). Advances in Operator Cauchy—Schwarz inequalities and their reverses. Annals of
Functional Analysis, 6 (3), 275-295, https://doi.org/10.15352/afa/06-3-20.

2. Bokhonov, Yu.Ye. (2021). Matematychnyy analiz: Dyferentsial'ne chyslennya funktsiy odniyeyi zminnoyi [Mathematical analysis: Differential
calculus of functions of one variable]. KI1l. Tutorial. Kyiv: KPI named after Igor Sikorskiy. (In Ukrainian).

3. Mitrinovic, D. S., & Pecaric, J. E. (1993). Springer Science+Bisiness Media Dordrecht, 83-99.
https://books.google.ru/books?id=A0XwCAAAQBAJ&pg=PA83&hl=ru&source=gbs_toc_r&cad=3#v=onepage&q&f=false

4. Steele, J.M. (2004). The Cauchy_Schwarz Master Class. Cambridge University Press.

5. Bokhonov, Yu.Ye. (2022). Uzahal’'nennya nerivnostey Koshi-Bunyakovs'koho ta Heldera [Generalization of the Cauchy-Buniakowski and
Helder inequalities]. Science in the context of global transformation of society. Materials of the scientific and practical conference (Poltava,
August 26-27, 2022), Odesa: "Young Scientist" Publishing House. https://molodyivchenyi.ua/omp/index.php/conference/catalog/book/8 (In
Ukrainian).

6. Zhuravs'ka, H.V., & Shramenoko, V.M. (2010). Nerivnosti: Metodychni vkazivky do kursiv liniynoyi alhebry ta matematychnoho analizu
[Inequalities: Guidelines for Linear Algebra and Mathematical Analysis Courses.]. K.: KPI named after Igor Sikorskiy.
https://mph.kpi.ua/assets/img/Shramenko-V.M/neravenstval.pdf (In Ukrainian).

7. Martynenko, O. V., & Chkana, Ya. O. (2017). Vykorystannya metodiv matematychnoho analizu dlya dovedennya nerivnostey [Using methods
of mathematical analysis to prove inequalities]. Current issues of science and mathematics education, 1(9), 35-44.
http://elibrary.kdpu.edu.ua/bitstream/0564/1362/2/APPMO_N9_2017.pdf (In Ukrainian).

This work is licensed under Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.

14



