disuko-matemaTtuyHa ocsita / Phisical and Mathematical Education

Scientific journal

PHYSICAL AND MATHEMATICAL EDUCATION
Has been issued since 2013.

HaykoBwuii xypHai

®IBUKO-MATEMATUYHA OCBITA

Bupnaernes 3 2013.

Tom 32, Ne 6 / Vol. 32, Ne 6 (2021)

p-1SSN 2413-1571
e-1SSN 2413-158X

DOI: 10.31110/2413-1571
https://fmo-journal.org/

I DOI 10.31110/2413-1571-2021-032-6-002

3ACTOCYBAHHA TEOPII M'AKUX MHOWH
A0 OUIHIOBAHHA HABUYOK
MATEMATUYHOIO MO/E/NTIOBAHHA

Maiikn BOCKOrnoy =
Buwuli mexHonoeivHuli ocgimHili iHcmumym 3axidHoi peyii,
LIIkona mexHon02iYHUX 3acmocys8aHs, peuis
mvoskoglou@gmail.com
https://orcid.org/0000-0002-4727-0089

APPLICATION OF SOFT SETS
TO ASSESSMENT OF MATHEMATICAL
MODELLING SKILLS

Michael Gr. VOSKOGLOU =
Graduate Technological Educational Institute of Western Greece,
School of Technological Applications, Greece
mvoskoglou@gmail.com
https://orcid.org/0000-0002-4727-0089

AHOTALIA

ABSTRACT

PopmyniosaHHa npobnemu. MamemamuyHe MOOENOBAHHA €
8AM(/IUBOIO CKAAO0BO MAMEMAMUYHOI 0C8IMU, OCKiNbKU 30CMOCY8AHHA
mamemamuy4Hux meopili 0o npakmuyHux nompeb MOBCAKOEHHO20
Hummsa nidsuwye iHmepec y4yHie 0o mamemamuku. OcHO8HI emanu
npoyecy mamemamu4Ho20 MOOE/IO8AHHA BKAOYAMbL aHAAI3 3a0aHOT
peasnbHoi npobaemu, nocmaHosKy 3adayi ma nobydosy mamemamuy4Hol
modeni (mamemamu3sayito), po3e8’a3ysaHHA | KOHMpoab modeni ma
8MPOBAOMEHHA MAMEMAMUYHUX pe3ysbmamie y peasnbHy cumyauyito.
Mamemamus3ayis xapakmepu3yemoscs Halibinbwoto ckaadHicmio ceped
emanie npouecy MM, ocKinbku 8oHa nepedbayae enubokul npoyec
abcmpazysaHHA, AKO20 He 3a8#0U nezko docazmu Hegaxisyto. [Mpome
iHOOi nepexid 8i0 po38'a3ysaHHA modesi 00 peasnbHo20 c8imy (KOHMpPonb
ma/abo peanizayis modesni) makox: cmeoptoe mpydHow,i dns cmydeHmie.
Lna intocmpayii Y020 3ay8axeHHA HaBeOeHO NPUKAaAo.

M pi i ol Y yili pobomi M’AKI  MHOMUHU
8uKopuCMoOBYylOMbCA  AK  IHCmMpymeHmu 048  po3pobku  modesni
napamempuyHoi OUiHKU st00CbKOI OifisibHOCMi ma HasedeHO npuKaao
(ouyinka  npayezdamHocmi  ¢ymbonicmig)  Oaa  intocmpayii i
3acmocosHocmi 8 peanbHux cumyayiax. M'aka MHowuHa, 6ydy4u
napamempu308aHOI0 MHOMCUHOK MIOMHOMUH YHIB8epCanbHOI MHOMUHU
OUCKYpCY, € y3a2anbHEHHAM KOHUenyii He4imKoi MHOMCUHU, po3pobeHoi 3
MemoK napamempu4yHo20 MOBOOHEHHA 3 ICHYIOYOK HEBU3HAYeHicmIo.
Teopia M’AKUX MHOMUH 3Haliwna 6azamo 3aCcMOCY8aHb Y  KinbKoX
cekmopax Mt00cbKoi difnbHOCMI, AK-om NpuliHAMMA pilleHb, CKOPOYEeHHSA
napamempis, Knacmepusauyia OaHUX, W0 CMOCYIOMbCA HEMOBHOMU MOWO.

Pesyabmamu. Modenb OUiHIOBAHHA 4Yepe3 M'AKI  MHOMUHU
3acmocosyemocs 0414 OUIHIOBAHHA ~ HABUYOK — MAMemMamu4Ho20
ModentosaHHA cmydeHmis 3a napamempamu eiOmMiHHo, Oyxce dobpe,
dobpe, nocepedHbO Ma HeegpeKMUBHO. BoHa caywume AK 048 OUiHKU
302a716HOI yeniwHocmi Kaacy, mak i iHoueidyaneHoOi pobomu KOMHO20
cmydeHma w000 BUKOHAHHA emanie npoyecy Mamemamu4Ho20
MOOento8aHHS.

BucHosKu. [lobydosaHa 8 cmammi modenb Oyxe KOpUucHa 8 mux
8UNAOKAX, KOAU OUiHKAG MQAE AKICHI, @ He KinbKiCHi xapakmepucmuku, i ii
MAaKoOM MOMHA 3acmocysamu 00 HU3KU iHWUX eunaodkie O0nA OUiHKU
disneHocmi  AtOUHU ma/abo MawuH (HAMpukaad, Komm’tomepHux
npozpam).

Formulation of the problem. Formulation of the problem.
Mathematical modelling is a very important component of mathematics
education, because by applying the mathematical theories to practical
needs of our everyday life increases the student interest for mathematics.
The main steps of the mathematical modelling process include analysis of
the given real world problem, formulation of the problem and construction
of the mathematical model (mathematization), solution and control of the
model and implementation of the final mathematical results to the real
situation. Mathematization possesses the greatest difficulty among the
steps of the MM process, because it involves a deep abstracting process,
which is not always easy to be achieved by a non-expert. It is sometimes,
however, the transition from the solution of the model to the real world
(control and/or implementation of the model) that presents difficulties for
students too. An example is given to illustrate this remark.

Materials and methods. In this paper soft sets are used as tools for
developing a model for assessing human activities in a parametric manner
and an example is presented (assessment of football players performance)
to illustrate its applicability under real situations. A soft set, being a
parametrized family of subsets of the universal set of the discourse, is a
generalization of the concept of fuzzy set designed on the purpose of
dealing with the existing uncertainty in a parametric manner. The theory of
soft sets has found many and important applications to several sectors of
the human activity like decision making, parameter reduction, data
clustering and data dealing with incompleteness, etc.

Results. The soft set assessment model is applied for evaluating student
mathematical modelling skills with respect to the parameters excellent,
very good, good, mediocre, and failed. It serves both for assessing the
general performance of a student class and the individual performance of
each student with respect to the steps of the mathematical modelling
process.

Conclusions. The constructed in this paper model is very useful in cases
where the assessment has qualitative rather than quantitative
characteristics and could also be applied to a variety of other cases for
assessing human and/or machine (e.g. computer programs) activities.

K/1KOHOBI C/IOBA: mamemamuyHe MOOEN08AHHSA; MEMOOU OYiHIOBAHHS;
M’AKI MHOXUHU; He4imKa n102ika.

KEYWORDS: mathematical modelling (MM),; assessment methods; soft
sets; fuzzy logic.

INTRODUCTION

The process of modelling. The notion of a system has a very broad context. Roughly speaking, it can be defined as a set
of interacting components forming an integrated whole. Examples of systems include the physical systems (the Earth, our solar
system, the whole universe, etc.), social systems (our society, religions, countries and organizations, scientific communities, etc.),
economic systems (companies, industries, etc.), biological systems like human or animal organizations, abstract systems
(mathematical, philosophical, etc.), artificial systems designed by the humans (buildings, transportation means, etc.) and many
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The systems’ modelling is a basic principle in engineering, in natural and in social sciences. When we face a problem
concerning a system’s operation (e.g. maximizing the productivity of an organization, minimizing the functional costs of a
company, etc.) a model is required to describe and represent the system’s multiple views. The model is a simplified
representation of the basic characteristics of the real system including only its entities and features under concern.

There are several types of models in use according to the form of the corresponding problem ((Taha, 1967), section
1.3.1). The representation of a system’s operation through the use of a mathematical model is achieved by a set of mathematical
expressions (equalities, inequalities, etc.) and functions properly related to each other. The solutions provided by a mathematical
model are more general and accurate than those provided by the other types of models. In cases, however, where a system’s
operation is too complicated to be described in mathematical terms (e.g. biological systems), or the corresponding mathematical
relations are too difficult to deal with in providing the problem’s solution, a simulation model can be used, which is usually
constructed with the help of computers.

Mathematical Modelling in Education. Until the middle of 1970’s mathematical modelling used to be mainly a tool in
hands of scientists and engineers for solving the real world problems related to their disciplines (physics, industry, constructions,
economics, etc.). The failure of the introduction of the “new mathematics” in school education, however, placed the attention of
specialists on the use of the problem as a tool and motive to teach and understand better mathematics. The perceptions of this
movement are mainly expressed through Problem Solving, where attention is given to the use of the proper heuristic strategies
for solving mathematical problems (Voskoglou, 2012), and Mathematical Modelling (MM) and Applications, i.e. the solution of
a particular type of problems .generated by real world situations.

One of the first who described the process of MM in such a way that it could be used for teaching mathematics was
Pollak (Pollak, 1979). He represented the interaction between mathematics and the real world with the scheme shown in Figure 1,
which is known as the circle of modelling.

Ctassical applied
Mathematics

MATHEMATICS

other
world

Applicable
Mathematlics

Fig. 1. The circle of modelling

According to the Pollak’s scheme, in the “universe” of mathematics classical applied mathematics and applicable
mathematics are two intersected but not equal to each other sets. In fact, there are topics from classical mathematics with great
theoretical interest, but without any visible applications (although such applications it is possible to be found in future), while at
the same time they are branches of mathematics with many practical applications, which are not characterized by many people
as classical mathematics (e.g. statistics, fuzzy logic, fractals, linear programming etc.). The most important feature of Pollak’s
scheme, however, is the direction of the arrows, representing a looping between the real (other) world including all the other
sciences and the human activities of everyday life and the “universe” of mathematics. Starting from a real problem of the real
world we transfer to the other part of the scheme, where we use or develop suitable mathematics for its solution. Then we return
to the real world interpreting and testing the mathematical results obtained. If these results do not give a satisfactory solution
to the real problem, then we repeat the same circle again one or more times.

From the time that Pollak presented this scheme in ICME-3 (Karlsruhe, 1976) until nowadays much effort has been
placed on analysing in detail the process of MM (Barry & Davies 1996, Edwards & Hauson 1996, Blomhyj & Jensen 2003,
Greefrath 2007, Blum & Leib 2007, Voskoglou 1994, 2007, etc.). A brief but comprehensive account of the different models used
for the description of the MM process can be found in (Haines & Crouch, 2010).

As a result of all the previously mentioned research it is nowadays more or less acceptable that the main steps of the
MM involve:

e S;: Analysis of the problem, i.e. understanding the statement and recognizing the restrictions and requirements of
the real system.

o S;: Mathematization, i.e. formulation of the problem in a way that it will be ready for mathematical treatment and
construction of the model.

o S3: Solution of the model.

e S,: Validation (control) of the model, which is usually achieved by reproducing, through the model, the behavior of
the real system under the conditions existing before the solution of the model and by comparing it to the existing, from the
previous “history” of the corresponding real system, data.
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o Ss: Interpretation of the final mathematical results and implementation of them to the real system, in order to give
the “answer” to the real world problem.

Some authors consider further steps in the MM process; e.g. some of them divide mathematization to the distinct steps
of formulation of the real problem and construction of the model, others divide the validation to the steps of interpretation and
evaluation of the model, others add the step of refining the model, etc. (Haines & Crouch, 2010). All these minor variations,
however, do not change the general view that we nowadays have about the circle of MM.

Mathematization possesses the greatest gravity among the steps of the MM process, since it involves a deep abstracting
process, which is not always easy to be achieved by a non-expert. As Crouch and Haines (Crouch & Haines, 2004) report, however,
it is sometimes the transition from the solution of the model to the real world (validation and interpretation of the model) that
presents difficulties for students too. The students’ difficulties in solving the following problem when | was teaching, some time
ago, the derivatives in a first term university course, illustrates this case.

Problem: We want to construct a channel to run water by folding the two edges of a rectangle metallic leaf having sides
of length 20 cm and 32 cm, in such a way that they will be perpendicular to the other parts of the leaf. Assuming that the flow of
water is constant, how we can run the maximal possible quantity of the water through the channel?

Folding the two edges of the metallic leaf by length x across its longer side the vertical cut of the constructed channel
forms a rectangle with sides x and 32-2x (Figure 2).

gl

32 - 2x

Fig. 2. The vertical cut of the channel

The area of the rectangle, which is equal to E(x) = x(32-2x) = 32x-2x2, has to be maximized. The equation
E’(x) = 32-4x = 0, where E'(x) denotes the derivative of E(x), gives that x =8 cm. But E"’(x) = - 4 < 0, therefore E(8) = 128 cm? is the
maximal possible quantity of water to run through the channel. A number of students, however, folded the edges of the other
side of the leaf and they found E(x) = x(20-2x) = 20x-2x2. In this case the equation E'(x) = 0 gives that x =5 cm, while E(5) = 50 cm?.
Their solution was mathematically correct, but many of them failed to realize that it is not acceptable in practice (real world).

MM appears today as a dynamic tool for teaching and learning mathematics, because it connects mathematics with
our everyday life giving the possibility to students to understand its usefulness in practice and therefore increasing their interest
about mathematics. A special didactic methodology has been developed through the years based on MM, which is usually
referred as application-oriented teaching of mathematics. But we must be careful. The process of MM could not be considered
as a general and therefore applicable to all cases method for teaching mathematics. In fact, such a consideration could lead to
far-fetched situations, in which more emphasis is given to the search of the proper applications rather, than to the consolidation
of the new mathematical knowledge!

Assessment of MM skills. Quality is a desirable property of all human activities. This makes assessment one of the most
important components of those activities. In earlier works the present author has developed several methods for assessing
human-machine performance under fuzzy conditions, including the measurement of the uncertainty in fuzzy systems, the use of
the Center of Gravity (COG) defuzzification technique, the use of fuzzy or grey numbers, etc. (Voskoglou, 2019a). Here a new
model is developed, using soft sets as its basic tools, for assessment with respect to a finite set E of parameters. Such kind of
models are very useful when the assessment has qualitative rather than quantitative characteristics, as it happens in this paper
with student mathematical modelling skills.

RESULTS AND DISCUSSION

Fuzzy and Soft Sets. The fuzzy set theory, introduced by Zadeh in 1965 (Zadeh, 1965), and the connected to it infinite-
valued in the interval [0, 1] fuzzy logic (Zadeh, 1973) gave to scientists the opportunity to model under conditions of uncertainty
that are vague or not precisely defined, thus succeeding to mathematically solve problems whose statements are expressed in
the natural language. Through fuzzy logic the fuzzy terminology is translated by algorithmic procedures into numerical values,
operations are performed upon those values and the outcomes are returned into natural language statements in a reliable
manner.

It is of worth noting that, before the introduction of fuzzy sets, probability used to be the unique tool in hands of the
experts for dealing with the existing in real life situations of uncertainty. Probability, however, based on principles of bivalent
logic, was proved sufficient for tackling problems of uncertainty connected to randomness only and not those due to imprecision
or incomplete information.

It is recalled that a fuzzy set A on the universal set U is defined with the help of its membership function m: U — [0,1]
as the set of the ordered pairs

A ={(x, m(x)): xe U} (1)

The real number m(x) is called the membership degree of x in A. The greater is m(x), the more x satisfies the
characteristic property of A. A crisp subset A of U is a fuzzy set on U with membership function taking the values m(x)=1 if x
belongs to A and 0 otherwise. In other words, the concept of fuzzy set is an extension of the concept of the ordinary sets.

Note that there is not any exact rule for defining the membership function of a fuzzy set. The methods used for it are
usually empirical or statistical and the definition of the membership function is not unique depending on the personal goals of
the observer. The only restriction is to be compatible to the common logic; otherwise the resulting fuzzy set does not give a
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reliable description of the corresponding real situation. For general facts on fuzzy sets, fuzzy logic and the connected to them
uncertainty we refer to the chapters 4-7 of the book (Voskoglou, 2017).

The last 60 years a lot of research has been carried out for generalizing and extending the fuzzy set theory on the
purpose of tackling more effectively the existing uncertainty in problems of science, technology and everyday life (Voskoglou,
2019b). One such generalization is the concept of soft set proposed in 1999 by Dmtri Molodstov, Professor of the Computing
Center of the Russian Academy of Sciences in Moscow, as a new mathematical tool for dealing with the uncertainty in a
parametric manner (Molodtsov, 1999).

Let E be a set of parameters, let A be a subset of E and let f be a mapping of A into the set A(U) of all subsets of the
universal set U. Then the soft set F of U connected to A is defined as the set of the ordered pairs

F={(e, f€: e €A} (2)

In other words, a soft set is a paramametrized family of subsets of U. For example, let U= {H1, H, H3} be a set of houses
and let E ={e;, e,, es} be the set of the parameters e;=cheap, e;=expensive and es=beautiful. Let us further assume that Hy, H, are
the cheap and H,, Hs are the beautiful houses. Set A={e;, es}, then a mapping f:A — A(U) is defined by f(e1)={H1, H.}, f(es)={H2,
Hs}. Therefore, the soft set F of U connected to A and representing the cheap and beautiful houses of U is the set of the ordered
pairs

F={(e1, {H1, H2}), (es3, {Hz, H3})} (3)

A fuzzy set on U with membership function y = m(x) is a soft set on U of the form (f, [0, 1]), where f(a)={x € U:m(x) 2 a}
is the corresponding a — cut of the fuzzy set, for each a in [0. 1]. An important advantage of soft sets is that they pass through
the existing difficulty of defining properly the membership function of a fuzzy set. The theory of soft sets has found many and
important applications to several sectors of the human activity like decision making, parameter reduction, data clustering and
data dealing with incompleteness, etc. (Tripathy & Arun, 2016).

The Assessment Model. Let U be the set of all objects which are under assessment. Consider the set E={e;,e;,e3,e4,€s5}
of the parameters e;=excellent, e;=very good, es=good, e;=mediocre and es=failed and the mapping f: E — A(U) assigning to each
parameter of E the subset of U consisting of all elements of U whose performance is described by this parameter. Then the soft
set

F={(e;, f(e)), i=1,2,3,4,5} (4)

represents mathematically an assessment of the elements of U in a parametric manner. Note that, for a more detailed

assessment the set E could include more than five parameters. The following example illustrates the applicability of this model
under real situations.

Example: The coach of a football club wants to assess in a systematic way the following characteristics of his players:
D=dribbling, P=passing, F=foot kick (shoot), H=head kick, C=creativity and S=speed.

Set U={D, P, F, H, C, S} and define a mapping f: E — A(U) by assigning to each parameter of E and for each player of the
club the subset of U consisting of the player’s characteristics assessed by this parameter. In this way one can represent each
player’s profile with the help of a soft set. For example, the soft set

F={(es, {P, C}), (e2, {F}), (es3, {D}), (e4, {S}), (es, {H}} (8)
corresponds to a player with excellent passing and creativity, very good shoot, good dribbling, mediocre speed, but not
good head kick.

In an analogous way one can express the general players’ performance with respect to each characteristic of U.
Consider, for example, dribbling (D) and let V={P1,P,,...,P20} be the set of all players of the team. Define a map f: E— A(V) assigning
to each parameter of E the subset of V consisting of the players whose dribbling was assessed by this parameter. Then, the
general players’ performance with respect to dribbling is expressed by a soft set of the form (6). We could have, for example,
that

F={(e1,{P1,P2,P3}), (€2, {P4,Ps,...,P10}), (€3, {P11, P12,..., P1s}), (€s, {P1s, P17, P1s}), (es, { P1g, P20})} (9)

This means that the first three players have excellent dribbling, the next seven very good, the next five good, the next
three mediocre and the last two players have no good dribbling.

Assessing Student MM Skills. Let U be the set of all students of a class, say U = {P1, Py, ...., Pn}. Assume that the teacher
of Mathematics gave to students for solution a series of problems involving MM and assessed their performance in terms of the
parameters of the set E. Then the general performance of the class can be represented with the help of a soft set of the form (4).
For example, we could have

F= {(81,{P1,P2,...., Ps}), (ez, {Ps,P7,...,P1z}), (63, {P13, P14,..., Pls}), (e4, {P19, on,..., P25}), (e5, { Pze, Pz7_ ey Pn})} (10)

This means that the first five students demonstrated excellent performance, the next seven very good, the next six
good, the next seven mediocre performance and the rest of the students failed to solve the MM problems successfully.

Another goal of our assessment model is that it enables the representation of the performance of each student in each
step of the MM process. In fact, let V = {S3, S,, Ss, S4, Ss} be the set of the steps of the MM process described in our Introduction.
Consider a particular student of the class and define a map f: E— A(V) by assigning to each parameter of E the subset of V
consisting of the steps of the MM assessed by this parameter with respect to the chosen student. For example, the soft set

F={(e1, {Su, S3}), (e2, {Ss}), (es, {S4}), (e4, {S2}), (es, D)} (11)

corresponds to the profile of a student who demonstrated excellent performance at the steps of analysis of the problem

and solution of the model, very good performance at the step of interpretation of the mathematical results, good performance

at the step of validation of the model and mediocre performance at the step of mathematization (he/she faced difficulties, but
he/she finally came through).

16



disuko-matemaTtuyHa ocsita / Phisical and Mathematical Education Tom 32, N2 6 / Vol. 32, Ne 6 (2021)

CONCLUSION

The discussion performed in this paper leads to the following two conclusions:

e MM is a very useful tool for teaching and learning mathematics, because it gives the opportunity to apply the
mathematical theories to practical needs of our everyday life and therefore increases the student interest for mathematics.

e The use of soft sets enables a mathematical representation of a qualitative assessment of human performance with
respect to a certain activity in a parametric manner. In particular, the assessment model developed here was applied for the
assessment of the general and individual student mathematical modelling skills.

An important subject for future research is the application of the soft set assessment model constructed here to a
variety of other human or machine (e.g. computer programs) activities.
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